In this paper, we study the Bekenstein-Hawking entropy of higher-dimensional rotating black holes from the Euclidean path-integral method proposed by Gibbons and Hawking. We give a general proof for the conclusion that the Bekenstein-Hawking entropy, not considering quantum corrections, is one-fourth of its horizon area for general higherdimensional rotating black holes.
The Bekenstein-Hawking entropy of a black hole, not considering quantum corrections, is one-fourth of its horizon area [1, 2] . This conclusion can be set up from many different approaches. A classical approach to set up the entropy of a black hole was given by Gibbons and Hawking from the Euclidean path-integral and grand canonical ensemble method [3, 4] . In this paper, we are going to study the entropy of higher-dimensional rotating black holes from the method of Gibbons and Hawking. Therefore we first review the method of Gibbons and Hawking for establishing the entropy of a black hole [3, 4] .
A black hole can be regarded as a thermodynamic system of the grand canonical ensemble. This is because a black hole has an explicit temperature and is in the state of thermal equilibrium radiation. It exchanges particles and energy with the surrounded spacetime. We can write down its grand partition function Z, thermodynamic potential W and entropy S:
where 1 β is the temperature and µ i are chemical potentials. The partition function (1) can be written in the Euclidean path integral form equivalently. It is given by
where φ represents different matter fields including the electromagnetic fields of charged black holes. The Wick rotation has been performed to realize the Euclidean form in (4) . The calculation of the first order of approximation gives
where
is the on-shell Euclidean action, [K] = K − K 0 is the difference between the extrinsic curvature of the spacetime manifold and that of a reference background spacetime. The upper index ∞ of (6) means that the boundary of the spacetime manifold only lies at r → ∞, i.e., in (6) ∂M only lies at r = ∞. The reason is that we are considering the black hole as a thermal equilibrium system. Thus it is reasonable we take the metric of the spacetime manifold in the form of the largest extension, as that of the Kruskal metric of Schwarzschild black hole, the singularity on the horizon is only apparent and can be moved away [5, 6] . While I E is expected to be invariant under a general coordinate transformation. For the metric of a higher-dimensional rotating black hole, the above consideration is also tenable. Next, we need to deal with the term β(E − µ i C i ) in (3) . For such a purpose, we consider the quantum transition amplitude between two spacelike hyperspace in a black hole's spacetime manifold in the Euclidean time formalism. It is given by
Under the condition the fluctuations of energy are relatively small to the system, i.e.,
we can expand (7) neglecting the fluctuations. This results
For example, for the Schwarzschild black hole,
, the above condition is satisfied if M ≫ M P . As point out by Kallosh et al. [7] , (8) can be generalized to the case of existing different conserved charges C i . To introduce Lagrange multipliers µ i and to consider constrained imaginary time evolution so that only metrics with designated charges are considered in the path integral, we obtain
On the other hand, the quantum transition amplitude < τ 1 |τ 2 > can be given by Feynman path integral, i.e.,
To the first-order of approximation we obtain:
I ∞ E,h is still given by (6) , while the lower index h of the Euclidean action means that the black hole's horizon is considered as another spacetime boundary. This is because we study the quantum transition amplitude in the black hole's spacetime manifold. Any physical information cannot escape from the horizon of a black hole. Therefore we need to take the horizon as another spacetime boundary. Thus the black hole's horizon also contributes to the Euclidean action integral of (6) in (11) . Comparing (9) and (11) , and to fix
we obtain
This is because β is the period of the imaginary time of a black hole's spacetime. Inserting (5), (6) and (13) into (3), we obtain
Therefore we arrive at the conclusion of Gibbons and Hawking: a black hole's entropy, not considering quantum corrections, is determined by the gravitational surface term. This conclusion holds water for spherically symmetric black holes, as well as for charged and rotating black holes. The difference lies in the different conserved charges C i of different types of black holes. The part of the matter fields are canceled in the above derivation.
To take certain surface terms of gravitation action, one can derive the relation S = 1 4 A for a black hole's entropy. For some cases of spherically symmetric black holes, this can be seen in [3, 7, 8] . We hope to derive the relation S = 1 4 A for higher-dimensional rotating black holes in this paper. Therefore we need to give the explicit form of the gravitational surface term K.
There are many different definitions about the gravitational surface term in the literature such as in Refs. [3, 4, [7] [8] [9] [10] . Usually, the surface term K can be defined as the trace of the second fundamental form on the horizon. However the different forms of the gravitational surface terms are equivalent for the problem of black hole's entropy according to the formula (14) . This is because the gravitational surface terms are total derivatives decomposed from the Einstein gravitation action. For different choices of the surface term, their differences are also total derivatives. While the field equations will not be changed to add or to minus a total derivative in the gravitation action. Therefore it will not affect the metric of a black hole to add or to minus a total derivative in the gravitation action. Hence the different choices of the surface term are equivalent in the black hole entropy formula (14) . We find that to take the surface term of Landau and Lifshitz [10] is most convenient to derive the relation S = 1 4 A for higher-dimensional rotating black holes, as it was taken in [7, 8] for the entropy of spherically symmetric black holes.
According to Landau and Lifshitz [10] , the gravitational action can be decomposed in two parts:
where the first term contains no second derivatives. To omit a total derivative ∂ µ ( √ −g∂ ν g µν ) in the action, ω µ is given by
Therefore the surface term is given by
n µ is a spacelike outward-pointing unit normal vector on the horizon. Usually, in the case of charged black hole, there also exists certain surface terms that related with the matter fields [11, 12] such as
where D is the dimension of the spacetime manifold. However, in the derivation of (14), the contribution from the matter fields are canceled. Therefore we need not to consider these surface terms that related with different matter fields in the entropy formula (14) . However, these terms may take effect in the analysis of quantum corrections to black hole's entropy. Now we rewrite (14) in an explicit form
where D is the dimension of the spacetime manifold, g D−1 is the determinant of the metric on the horizon, K 0 comes from the background Minkowski spacetime where a black hole is embedded. The general solution of a higher-dimensional rotating black hole has been obtained by Myers and Perry [13] . Here we adopt the parameterized form given by Cvetic and Youm [14] for the purpose to derive the relation S = 1 4 A. Therefore the metric for a higher-dimensional rotating black hole is given by
Here we have written the metric in the form of Euclidean, because formula (14) is derived for the Euclidean form of the metric of a black hole. The Euclidean form of the metric can be obtained from the corresponding Lorentzian metric through rotating the time axis and rotating parameters [15, 16] . In (20) , i, j in φ run from 1 to [ D−1 2 ]. For even dimensional case, i, j in ψ run from 1 to [ D− 3 2 ]. For odd dimensional case, i, j in ψ run from 1 to [ D− 5 2 ]. Obviously, the black hole rotates in φ i directions, there are [ D−1 2 ] angular momentum components. The area of the horizon is given by the integral
Here we use r h to denote the radius of the horizon. We use g ab to denote the metric of dθ 2 , dψ 2 i , dθdψ i , dψ i dψ j , dφ 2 i and dφ i dφ j terms of the metric (20) . We regard the horizon to be the outer horizon of a rotating black hole preferably. In addition, we consider the non-extremal black holes in this paper. For an extremal black hole, its entropy is zero according to [8, 17, 18] . This can also be seen from (19) , because the radius r h of the horizon lies at spacelike infinity for an extremal black hole therefore resulting K − K 0 = 0 in (19) .
We denote the angular velocity of the horizon that related with the motion of the coordinate φ i as Ω i . In order to simplify the derivation, we take a coordinate transformation
which means the observer is co-rotating with the outer horizon. The metric (20) now becomes
In the reference system co-rotating with the horizon, the metric on the horizon is static. Therefore g τ φ ′ i is zero on the horizon and the horizon's angular velocities satisfy
under the condition det g φ i φ j = 0. According to (A.5), we have
Through the coordinate transformation (22), g rr , g θθ , g ψ i ψ i , g θψ i , g ψ i ψ j , g φ i φ i and g φ i φ j are not changed. For the metric (20) , g rr = 1/g rr is not changed either. The horizons of the metrics (20) and (23) are determined by g rr = 0. Therefore after the coordinate transformation (22), the location of the horizon is not changed. Because g τ φ ′ i is zero on the horizon, the determinant of the metric (23) on the horizon is
where g ab denotes the terms of dθ 2 , dψ 2 i , dθdψ i , dψ i dψ j , dφ ′ 2 i and dφ ′ i dφ ′ j of the metric (23). From (19) , the entropy of the metric (23) is given by
where β = 2π/κ is the inverse Hawking temperature, κ is the surface gravity. For the rotating black hole metrics (20) and (23), the expression of κ is given in Appendix A. We can see that the formula (19) has the form of coordinate transformation invariance, thus the entropy calculated from the metric (23) will be equal to that calculated from the metric (20) . Therefore we can expect that the entropy of a rotating black hole is not changed after a coordinate transformation of its metric.
The spacelike outward-pointing normal vector on the horizon can be written as (0, √ g rr , 0, ..., 0).
Hence in (28), for ω µ , we only need to give the expression of ω 1 . We use 0, 1, ..., D − 1 to represent τ , r, ..., φ j . For the metric (23), the only non-zero component of g 1ν is g 11 . Thus from (16) we have
The determinant of the metric (23) is given by
where (...) i are the terms which need not to write down here explicitly. The reason is that in (29), the partial derivative of √ g is with respect to r. In (30), g has two parts. We can expand √ g as
The second part of (30) will contribute zero eventually because g τ φ ′ i are squares and g τ φ ′ i are zero on the horizon, while in (28), we evaluate on the horizon at last. Therefore in the following for convenience of writing, we only consider the first term of (30). This means that we have considered the limit r = r h in the integral of (28).
To drop the second term of (30), we obtain
where the second term comes from the background flat spacetime. Thus from (28) we obtain
where g D−1 is given by (27) . The flat spacetime background term of (33) contributes zero because G τ τ = 0 on the horizon. The first term inside the integral of (33) is a limit of 0 · ∞.
Because κ is a constant on the horizon, we can move it inside the integral. To use the expression of κ of (A.7), we obtain
Because √ G τ τ is zero on the horizon and 1/κ is finite, we obtain at last
As seen before, g ab denotes the metric of dθ 2 , dψ 2 i , dθdψ i , dψ i dψ j , dφ ′ 2 i and dφ ′ i dφ ′ j terms of the metric (23), the above integral is just the horizon's area of the metric (23). On the other hand, g ab is not changed from that of the metric (20) under the coordinate transformation (22), the metrics of (20) and (23) are not related with φ i and φ ′ i , the above horizon area of the metric (23) is equal to the horizon area of the metric (20) which is given by (21). This means that under the rotating coordinate transformation (22), the horizon area of a rotating black hole does not change. Thus the Bekenstein-Hawking entropy of a rotating black hole of the metric (20) is given by
which is equal to one-fourth of its horizon area according to (21). Therefore we have completed the proof for the relation S = 1 4 A for higher-dimensional rotating black holes. The horizon area of the higher-dimensional rotating black hole has been calculated explicitly by Jung et al. recently [19] . In order to make this paper complete, we would like to introduce the results of Jung et al. [19] here. Supposing that the dimension of the spacetime is D = N +1, to take the metric obtained by Myers and Perry [13] , for odd-dimensional case, the metric of a higher-dimensional rotating black hole is
The parameters µ i satisfy the condition
From (21), the horizon area of the metric (37) is given by
where det g ab = det g µ i µ j · det g φ i φ j . The horizon radius r h is determined by the equation
Because g µ i φ j = 0, we have det g ab = µ 2 r 2 h µ 2 1 · · · µ 2 N/2−1 . Therefore we obtain
where Ω N −1 = 2π N/2 /Γ[N/2] is the area of a unit (N − 1)-sphere. For even-dimensional case, the metric of a higher-dimensional rotating black hole is given by
The parameters α and µ i satisfy the condition
According to (21), the horizon area of the metric (43) is given by 
where the horizon radius r h is determined by
Appendix A. Surface gravity for higher-dimensional rotating black holes
For the metric (20) , there exists the Killing field
where Ω i are the angular velocities of the horizon for coordinates φ i . Because ξ µ is normal to the horizon, we have ξ µ ξ µ = 0 (A.2) on the horizon. For the metric (20), we obtain
We define
Therefore we have G τ τ | r=r h = 0 .
(A.5)
The surface gravity κ(r h ) is a constant on the horizon. Let ξ µ ξ µ = −λ 2 , the surface gravity can be determined by the equation [20] ∇ µ (λ 2 )∇ µ (λ 2 ) = −4κ 2 λ 2 .
(A.6)
Thus for the metric (20) , we obtain
The partial derivative is taken before the limit because G τ τ is zero on the horizon. From (A.6), we can see κ is a scalar. Hence the surface gravity of a rotating black hole is invariant under general coordinate transformations.
